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Abstract

Let F be a �eld and f(x) 2 F [x] an irreducible polynomial of degree

four. An important problem in computational algebra is to determine

the Galois group of f(x) as a transitive subgroup of S4 (the symmetric

group on four letters). In the case where F is the set of rational numbers,

several methods appear in the literature, most of which rely on factoring

the cubic resolvent as well as several other polynomials. We place this ap-

proach in the context of absolute resolvents and extend it by introducing

a single degree twelve resolvent polynomial construction, the degrees of

whose irreducible factors completely determine the Galois group of f(x)

over F . We also o↵er another approach, which does not rely on factoring

resolvent polynomials of degree greater than two, but rather considers the

discriminant of f(x) along with the sub�elds and the size of the auto-

morphism group of F [x]=(f(x)). We show that this alternative method is

particularly e↵ective in the case where F is a �nite extension of the p-adic

numbers.

1 Introduction

Considered by some to be one of the most beautiful areas of pure mathematics,
Galois theory stands at the intersection of two of the most foundational topics
in algebra; namely, group theory and �eld theory. Speci�cally, we can consider
�eld extensions obtained by adjoining to a given base �eld the roots of monic
irreducible polynomials. We are often interested in the arithmetic structure of
these �eld extensions, since this information is related to how the roots of these
polynomials interact via the algebraic operations of the base �eld. Galois theory
is important because it associates to each polynomial a group (called its Galois
group) that encodes this arithmetic structure.

Therefore, an important problem in computational algebra is to determine
the Galois group of an irreducible polynomial de�ned over a �eld. Algorithms for
accomplishing this task have been in existence for more than a century. Indeed,
the original de�nition of the Galois group implicitly contained a technique for
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its determination. For an explicit description of this method, see [vdW91, p.
189].

For this paper, we focus on quartic polynomials. Most modern treatments
employ the so-called \cubic resolvent polynomial" to determine the Galois group
[DF04, Hun80]. In short, this method involves taking the original quartic poly-
nomial f , forming a degree three polynomial (the cubic resolvent) from the roots
of f , and then factoring both the cubic resolvent and the discriminant of f over
the base �eld. In one case, we also factor f over the base �eld adjoin the square
root of the discriminant of f . An alternative (and more elementary) version of
this technique can be found in [KW89], where the authors remove the need to
factor the original quartic over extension �elds and instead factor two additional
quadratic polynomials over the base.

This paper o↵ers two additional methods for computing Galois groups of
quartic polynomials. The �rst is an improvement of the cubic resolvent method.
The second incorporates what we call the mass of a polynomial, and it is espe-
cially useful over �nite extensions of the p-adic numbers.

While our results can be applied to any �eld of characteristic di↵erent from
2, we are mostly interested in applications to p-adic �elds (which are �nite
extensions of the p-adic numbers). Consequently, Section 2 provides a brief
overview of p-adic �elds. After this, we use Section 3 to improve upon the
results found in [KW89] by situating the cubic resolvent method in the larger
framework of what has become known as the absolute resolvent method. In
this context, we determine all possible absolute resolvent polynomials as well as
their factorizations (which depend on the Galois group of the original quartic).
In particular, we prove that there is a unique absolute resolvent polynomial
of degree 12 the degrees of whose irreducible factors completely determine the
Galois group of the original quartic polynomial (i.e., no lower degree resolvent
polynomial can accomplish this). Lastly, Section 4 introduces a new technique
for computing quartic Galois groups based on the notion of the mass of the
polynomial, following [Awt12b, Awt11, Awt12a, AE12]. To provide an example
of the versatility of this method, we end the paper by examining Galois groups
of totally rami�ed quartic extensions of p-adic �elds for odd primes p.

2 Background on p-adic Fields

In this section, we give a brief overview of p-adic numbers and their extensions,
introducing only those de�nitions and results that are used later in the paper.
For more details, we refer the reader to [Gou97], which contains a good elemen-
tary account of p-adic numbers. More advanced treatments can be found in
[Lan94] and [Ser79].

2.1 The p-adic Numbers

The p-adic numbers are constructed from the rationals in much the same way
the reals are constructed. In particular, consider the map vp : Q ! Z [ f1g
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de�ned by

vp(x) =

(
n if x = pna=b with p - ab
1 if x = 0

The function vp is called the p-adic valuation and it gives rise to the p-adic
absolute value j � jp in the following way,

jxjp =
1

pvp(x)
for all x 2 Q

The p-adic numbers are de�ned as the completion of Q with respect to this
absolute value. The �eld Qp has characteristic 0 and is a locally compact,
totally disconnected Hausdor↵ topological space [Gou97, p.63].

The ring of p-adic integers Zp is de�ned as

Zp = fx 2 Qp : jxjp  1g
The ring Zp is compact and has a unique maximal ideal; namely pZp. The
residue �eld is de�ned as Zp=pZp and is isomorphic to the �nite �eld with p
elements Fp. Every element of Qp can be written in the form x=pn for some
x 2 Zp and some nonnegative integer n. Moreover, every element of Zp can be
represented uniquely as an in�nite sum in \base p" [Gou97, p.68]

Zp =

( 1X

k=0

akp
k : ak 2 Z with 0  ak  p� 1

)

2.2 Extensions of Qp

By an extension �eld of Qp, we mean any �eld K containing Qp. Notice that
this implies K is a vector space over Qp, and we say K is a �nite extension if
its dimension as a Qp vector space is �nite. We write

[K : Qp] = dimQpK

and call this number the degree of the extension.
Let K=Qp be a �nite extension. The set of all automorphisms on K which

induce the identity on Qp forms a group under function composition, called the
automorphism group of K. The mass of K=Qp is de�ned as the degree of the
extension divided by the size of its automorphism group,

m(K) = [K : Qp]=jAut(K=Qp)j
If m(K) = 1, then K is called a Galois extension and Aut(K=Qp) is called the
Galois group of K.

Since Qp has characteristic 0, an extension �eld arises by adjoining to Qp

the root of some monic irreducible polynomial over Zp. By Krasner's Lemma
[Lan94, p.43], this polynomial can be chosen to have integer coe�cients. For
an extension K=Qp with n = [K : Qp] and an element x 2 K, let f(y) =
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yd + ad�1y
d�1 + � � �+ a1y + a0 be its minimal polynomial. We de�ne the norm

of x from K down to Qp as,

NK=Qp
(x) = (�1)nf(0)n=d

The norm is used to de�ne the p-adic absolute value on K that extends the
p-adic absolute value on Qp [Gou97, p.151]. For x 2 K, we de�ne

jxjp = n

q��NK=Qp
(x)

��
p

The p-adic absolute value on an extension K gives rise to the corresponding
p-adic valuation vp on K by using the equation

jxjp =
1

pvp(x)

where vp(0) = 1.
The p-adic valuation is a homomorphism from the multiplicative group K⇤

to the addivite group Q. Its image is of the form (1=e)Z where e j [K : Qp]
[Gou97, p.159]. We call e the rami�cation index of K=Qp. Let f = [K : Qp]=e.
We call f the residue degree of K=Qp. Any element in K whose p-adic valuation
equals e is called a uniformizer. If e = 1, the extension is called unrami�ed. If
e = [K : Qp], the extension is called totally rami�ed. If p - e, the extension is
called tamely rami�ed.

The ring of integers in K=Qp is de�ned as

OK = fx 2 K : jxjp  1g = fx 2 K : vp(x) � 0g
It is compact with a unique maximal ideal, given by

PK = fx 2 K : jxjp < 1g = fx 2 K : vp(x) > 0g
The residue �eld of K=Qp is equal to OK=PK and is isomorphic to the �nite
�eld with pf elements Fpf , where f is the residue degree of K. Moreover,
pOK = ⇡eOk = Pe

K , where ⇡ is any uniformizer and e is the rami�cation index
of K.

3 Absolute Resolvents

Now that we have given an overview of p-adic �elds, we use the following sec-
tions to discuss techniques for computing Galois groups of polynomials over Qp.
We point out that while the results in this section apply to arbitrary �elds of
characterstic di↵erent from 2, our focus will be on p-adic �elds.

Toward that end, let F=Qp be a �nite extension and let K=F be a quartic
extension, de�ned by the monic irreducible polynomial f(x). Let ↵1, ↵2, ↵3,
and ↵4 be the roots of f in some �xed algebraic closure Qp of Qp, and let G
denote the Galois group of f ; i.e., the Galois group of the splitting �eld of f , or
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Table 1: Conjugacy classes of nontrivial subgroups of S4.

Name Transitive ? Size Generators
C2 no 2 (12)(34)
C⇤

2 no 2 (12)
C3 no 3 (123)
V ⇤
4 no 4 (12); (12)(34)
V4 yes 4 (12)(34); (13)(24)
C4 yes 4 (1234)
S3 no 6 (12); (123)
D4 yes 8 (13); (1234)
A4 yes 12 (123); (234)
S4 yes 24 (1234); (12)

equivalently of the Galois closure of K in Qp. Since the elements of G act as
permutations on the roots ↵i of f , once we �x an ordering of the roots, G can
be viewed as a subgroup of S4 (the symmetric group on 4 letters). Changing the
ordering of the roots corresponds to conjugating G in S4. Since the polynomial
f is irreducible, G is a transitive subgroup of S4; i.e., there is a single orbit for
the action of G on the roots ↵i of f (each orbit corresponds to an irreducible
factor of f).

Therefore, in order to determine the group structure of G, we �rst identify
the conjugacy classes of transitive subgroups of S4. This information is well
known. In fact, the transitive subgroups of Sn are known up to and including
n = 32 (see [BM83, CHM98, CH08]).

Since we will make use of all conjugacy classes of subgroups of S4 (not
just the transitive subgroups), we include Table 1 for convenience, which gives
information on these classes. This information can easily be computed with
[GAP08].

Most of the group names in the table are standard. For example, A4 rep-
resents the alternating group on 4 letters, D4 represents the dihedral group
of order 8, Cn represents the cyclic group of order n, and V4 represents the
Klein-four group (i.e., C2⇥C2). There are two di↵erent conjugacy classes of V4

subgroups in S4 (only one of which is transitive). There are also two di↵erent
conjugacy classes of C2 in S4. In each case, we label one group with an asterisk
so as to distinguish the conjugacy classes.

3.1 De�nition of Resolvents

The usual technique for computing Galois groups involves the notion of absolute
resolvent polynomial, which we now de�ne.

De�nition 3.1. Let T (x1; : : : ; x4) be a polynomial with coe�cients in Zp. Let
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H be the stabilizer of T in S4. That is,

H =
�
� 2 S4 : T (x�(1); : : : ; x�(4)) = T (x1; : : : ; x4)

 
:

We de�ne the resolvent polynomial Rf;T (x) of the polynomial f(x) 2 Zp[x]
by

Rf;T (x) =
Y

�2S4=H

�
x� T (↵�(1); : : : ; ↵�(4))

�
;

where S4=H is a complete set of right coset representatives of S4 modulo H
and where ↵1; : : : ; ↵4 are the roots of f(x). By Galois theory, Rf;T (x) also has
coe�cients in Zp.

3.2 Example: Discriminant

Perhaps the most well known example of a resolvent polynomial is the discrim-
inant [DF04, p. 610]. Recall that the discriminant of a quartic polynomial f(x)
is given by

disc(f) =
Y

1i<j4

(↵i � ↵j)
2;

where ↵i are the roots of f . In particular, let

T =
Y

1i<j4

(xi � xj);

and let H = A4. Notice that a complete set of right coset representatives
of S4=A4 is f(1); (12)g. Also notice that applying the permutation (12) to the
subscripts of T results in �T . In this case, we can form the resolvent polynomial
as follows,

Rf;T (x) =
Y

�2S4=A4

(x� �(T )) = x2 � T 2 = x2 � disc(f):

As a concrete example, consider the polynomial f(x) = x4 + ap 2 Zp[x]. Its
discriminant is given by: disc(x4 + ap) = 256a3p3:

3.3 Example: Cubic Resolvent

As another example, consider the cubic resolvent [DF04, p. 614]. In this case,
we let T = x1x2 + x3x4. The stabilizer of T in S4 is a dihedral group D4 of
order 8. In particular, the elements of this particular D4 are,

D4 = f(1); (12); (34); (12)(34); (13)(24); (14)(23); (1324); (1423)g :
A complete set of right coset representatives for S4=D4 is given by: f(1); (13); (14)g.
We can form the cubic resolvent for f(x) by computing Rf;T :

Rf;T (x) = (x� (↵1↵2 + ↵3↵4)) (x� (↵3↵2 + ↵1↵4)) (x� (↵4↵2 + ↵3↵1)) :

For example, if f(x) = x4 + 2x2 + 2 2 Zp[x], then the cubic resolvent of f is
x3 � 2x2 � 8x+ 16.
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3.4 Main Theorem on Resolvents

The main theorem concerning resolvent polynomials is the following. A proof
can be found in [SM85].

Theorem 3.2. With the notation of the preceding de�nition, set m = [S4 : H] =
deg(Rf;T ). If Rf;T is squarefree, its Galois group (as a subgroup of Sm) is equal
to �(G), where � is the natural group homomorphism from S4 to Sm given by
the natural right action of S4 on S4=H. Note that we can always ensure R is
squarefree by taking a suitable Tschirnhaus transformation of f [Coh93, p. 324].

As a consequence, this theorem implies that the list of degrees of irreducible
factors of Rf;T is the same as the length of the orbits of the action of �(G)
on the set [1; : : : ;m]. In particular, Rf;T has a root in Zp if and only if G is
conjugate under S4 to a subgroup of H. This remark leads to the following
well-known result on discriminants of polynomials.

Corollary 3.3. For any irreducible quartic polynomial f(x) 2 Zp[x], its Galois
group is a subgroup of A4 if and only if disc(f) is a square in Zp.

3.5 Example: Degree 12 Resolvent

As proven in Theorem 3.2, we can use information on how resolvent polynomials
factor to determine the Galois group of f(x). Given a transitive subgroup G
of S4, the �rst step is to determine the factorizations of all possible resolvents
arising from a quartic polynomial whose Galois group is G. This is a purely
group-theoretic problem. In particular, the function resfactors below will
perform such a task. It is written for the program GAP [GAP08].

resfactors := function(h, g)
local s4, cosets, index, permrep;
s4 := SymmetricGroup(4);
cosets := RightCosets(s4,h);
index := Size(cosets);
permrep := Group(List(GeneratorsOfGroup(g),

j->Permutation(j, cosets, OnRight)));
return(List(Orbits(permrep, [1..index]), Size));

end;

Table 2 shows for each conjugacy class of subgroups of S4 the degrees of the
irreducible factors of the corresponding resolvent polynomial according to the
Galois group of f .

We can use the information in Table 2 to develop algorithms for computing
Galois groups of irreducible quartic polynomials. For example, let f be an
irreducible quartic polynomial, G the Galois group of f , and g the resolvent for
D4. This resolvent is the well-known cubic resolvent. We see that:
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Table 2: The top row contains the transitive subgroups G of S4. The left
column contains representatives H of conjugacy classes of subgroups of S4, as
in Table 1. For a particular pair (H;G), the entry in the table gives the output
of the function resfactors(H,G). In particular, this list is equivalent to the list
of irreducible factors of the resolvent polynomial R(T; f) where T is stabilized
by H and G is the Galois group of the irreducible quartic polynomial f .

H=G C4 V4 D4 A4 S4

C2 2,2,4,4 2,2,2,2,2,2 4,4,4 6,6 12
C⇤

2 4,4,4 4,4,4 4,8 12 12
C3 4,4 4,4 8 4,4 8
V4 2,2,2 1,1,1,1,1,1 2,2,2 3,3 6
V ⇤
4 2,4 2,2,2 2,4 6 6

C4 1,1,4 2,2,2 2,4 6 6
S3 4 4 4 4 4
D4 1,2 1,1,1 1,2 3 3
A4 2 1,1 2 1,1 2

1. if g factors as three linear polynomials, then G = V4.

2. if g factors as a linear times a quadratic, then G = C4 or D4.

3. if g remains irreducible, then G = A4 or S4.

The standard procedure for remedying the situation in item (3) is to use the
discriminant of f (i.e., the resolvent corresponding to A4). If this resolvent
factors as two linears, then G = A4; otherwise, G = S4. The resolve item (2),
Kappe-Warren make use of the linear factor of g. See their paper for details
[KW89].

As another example, we could use the resolvent corresponding to the group
C4, which is a degree 6 polynomial. In this case, there is no discrepancy between
distinguishing C4 from D4. However, we still must distinguish between A4 and
S4. The approach taken in [Coh93] is to use the discriminant for this latter
computation. Again letting f denote the quartic polynomial, G its Galois group,
and g the degree 6 resolvent corresponding to C4, we have:

1. if g factors as two linears times a quartic, then G = C4.

2. if g factors as three quadratics, then G = V4.

3. if g factors as a quadratic times a quartic, then G = D4.

4. if g remains irreducible, then G = A4 if the discriminant of f is a square;
G = S4 otherwise.

The C4 resolvent method mentioned above can be considered an improve-
ment over the cubic resolvent method, since it completely determines the Galois
group of the polynomial using only two resolvents (and nothing else).
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We now point out our new method for computing Galois groups of quartics
using absolute resolvent polynomials. Notice that there is one line in Table 2
which only requires one resolvent to uniquely identify the Galois group. This
is the resolvent corresponding to the group C2. In this case the resolvent will
have degree 12, and here is a method to construct it.

Since C2 = f(1); (12)(34)g, a complete set of right coset representatives for
S4=C2 is

f(1); (12); (13); (14); (23); (24); (123); (124); (132); (142); (13)(24); (1324)g :

A form which is stabilized by C2 is

T (x1; x2; x3; x4) = x1x
2
2x

3
3x

4
4 + x2x

2
1x

3
4x

4
3:

An algorithm for determing quartic Galois groups based on the degree 12
resolvent proceeds as follows. Letting f denote the quartic polynomial, G its
Galois group, and g the degree 12 resolvent corresponding to C2, we have:

1. if g factors as two quadratics times two quartics, then G = C4.

2. if g factors as six quadratics, then G = V4.

3. if g factors as three quartics, then G = D4.

4. if g factors as two sextics, then G = A4.

5. if g remains irreducible, then G = S4.

For example, consider the Eisenstein polynomial x4+2x+2, which de�nes a
totally rami�ed quartic extension of Q2 (since all Eisenstein polynomials de�ne
totally rami�ed extensions [Gou97, p. 164]). Forming the degree 12 resolvent
polynomial corresponding to the group C2, we obtain

g =x12 + 24x11 � 128x10 � 2560x9 + 49152x8 + 327680x7 � 5898240x6

� 19398656x5 + 339738624x4 + 2348810240x3 + 6174015488x2

+ 8589934592x+ 4294967296;

which remains irreducible when factored over Q2 (using [PAR08] for example).
Thus the Galois group of x4 + 2x+ 2 over Q2 is S4.

4 The Mass of a Polynomial

In the previous section, we situated the standard approach for computing Ga-
lois groups of quartic polynomials (the cubic resolvent method) into the larger
framework of the absolute resolvent method. We completely determined all pos-
sible resolvent polynomials along with their factorizations. We then used this
information to develop an algorithm to compute Galois groups of quartic poly-
nomials that only relied on factoring a single degree 12 resolvent polynomial.
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In this section, we o↵er a di↵erent approach to computing Galois groups
of quartic polynomials. In particular, the aim of this section is to prove the
following theorem.

Theorem 4.1. Let p > 2 be a prime number and F=Qp a �nite extension. Let
f be the residue degree of F .

1. If p ⌘ �1 (mod 4) and f is odd, then there are two nonisomorphic totally
rami�ed quartic extensions of F . The Galois closure of each extension has
Galois group D4.

2. Otherwise, there are four nonisomorphic totally rami�ed quartic exten-
sions of F . Each extension is Galois with cyclic Galois group.

Notice that this theorem proves the Galois group of an Eisenstein quartic
polynomial de�ned over the p-adic �eld F depends only on the odd prime p and
the residue degree of F . Speci�cally, if p ⌘ �1 (mod 4) and f is odd, then the
Galois group is D4; otherwise, the Galois group is C4. Our approach for proving
this theorem is to determine the Galois groups of all possible quartic polynomials
of a p-adic �eld simultaneously, rather than focusing on one polynomial at a
time.

Toward that end, we �x a prime p > 2, an algebraic closure Qp of the p-adic
numbers, and a �nite extension F=Qp. We let e be the rami�cation index of
F and let f be its residue degree. Thus ef = [F : Qp]. For a �nite extension
K=F , we let Kgal=F denote its Galois closure, G the Galois group of Kgal=F ,
and m(K=F ) the mass of K=F .

4.1 Two Lemmas

In this subsection, we formulate two technical lemmas and describe how they �t
together to yield a proof of Theorem 4.1. First, we focus on the invariants that
distinguish between the possible Galois groups for quartic polynomials. One
invariant is the discriminant of the polynomial, mentioned previously. If the
Galois group G of the polynomial is a subgroup of A4, then we say the parity
of G is +. As we saw in the previous section, this occurs precisely when the
discriminant of the polynomial is a square in F . Otherwise, we say the parity
of G is �.

Another invariant we use is the centralizer of G in S4. This quantity is useful
for computing Galois groups since it is isomorphic to the automorphism group
of the stem �eld F [x]=(f(x)).

A third invariant is the list of the proper, nontrivial, nonisomorphic sub�elds
of F [x]=(f(x)). To see that this quantity is an invariant of G, let E  G be the
subgroup which �xes F [x]=(f(x)), according to the Galois correspondence. In
particular, E is isomorphic to G\S3, where S3 is generated by the permutation
(234) 2 S4. The proper, nontrivial, nonisomorphic sub�elds of F [x]=(f(x)) cor-
respond to conjugacy classes of intermediate groups E0 such that E < E0 < G.
Direct computation shows that A4 and S4 have no such intermediate subgroups.
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Table 3: Invariant data for the possible Galois groups of irreducible quartic
polynomials over F=Qp where p > 2.

G Parity jCS4(G)j
C4 � 4
V4 + 4
D4 � 2

However, C4 and D4 each have a unique such subgroup, and V4 has three. Note
that in each case, these intermediate subgroups all have index two inside G, and
they therefore correspond to quadratic sub�elds of F [x]=(f(x)). Since we are
assuming p > 2, we know that F [x]=(f(x)) must have at least one quadratic
sub�eld [Rep88]. Therefore, the only possible Galois groups are C4; V4, and D4.
For each of these possible Galois groups, Table 3 shows the parity and the order
of the centralizer in S4.

Our remaining lemmas describe how to compute the mass and centralizer
order invariants on the �eld-theoretic side. The �rst is a standard result for
p-adic �elds [Lan94, p. 54].

Lemma 4.2. Let F=Qp be a �nite extension and let n be an integer with p - n.
Let g = gcd(pf � 1; n) and let m = n=g.

(a) There are g nonisomorphic totally rami�ed extensions of F of degree n;
each with mass m.

(b) Let ⇣ be a primitive (pf � 1)-st root of unity and let ⇡ be a uniformizer
for F . Each totally and tamely rami�ed extension of F of degree n is
isomorphic to an extension that is generated by a root of the polynomial
xn + ⇣r⇡, for some 0  r < g.

Lemma 4.3. Let K=F be a totally rami�ed extension of degree n with p - n
and let g = gcd(pf � 1; n). Let G = Gal(Kgal=F ). Then

g = jCSn(G)j:

Proof. From Galois theory, we know the automorphism group of K=F is iso-
morphic to the centralizer of G in Sn. Thus the size of Aut(L=K) is equal to
the order of CSn(G). Using this fact and the de�nition of the mass of K=F , we
have

[K : F ] = m(K=F ) � jAut(K=F )j = m(K=F ) � jCSn(G)j:
By Lemma 4.2, we also have

[K : F ] = m(K=F ) � g:

These two equations combine to prove the lemma.
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4.2 Proof of Theorem 4.1

Proof. Let F be as in the statement of Theorem 4.1. Let K=F be a totally
rami�ed quartic extension, and let Kgal=F denote the Galois closure of K=F .
We know the Galois group G = Gal(Kgal=F ) must be either C4, V4, or D4.
Let g = gcd(pf � 1; 4). Since p is odd, g is 2 or 4. Furthermore, g = 2 if and
only if p ⌘ �1 (mod 4) and f is odd. Otherwise, we must have g = 4. Since
g = jCS4(G)j, we see that G = D4 if and only if g = 2; proving part (1).

If g = 4, then G is either C4 or V4. Since V4  A4 and C4 is not, we see that
G is determined by the discriminant of K=F . By Lemma 4.2, the four totally
rami�ed quartic extensions of F are generated by the polynomials x4 + ⇣r⇡
where ⇣ is a primitive (pf �1)-st root of unity, 0  r < 4, and ⇡ is a uniformizer
for F . Computing the discriminants of these polynomials, we have

disc(K=F ) = disc(x4 + ⇣r⇡) = 256⇣3r⇡3;

which are clearly not squares in F (because of the odd exponent of ⇡). Thus
G = C4 for all four of these extensions; proving part (2).
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